We study supersymmetric, four-dimensional (4-d), Abelian charged black holes (BH's) arising in (4+n)-d (1 ≤ n ≤ 7) Kaluza-Klein (KK) theories. Such solutions, which satisfy supersymmetric Killing spinor equations (formally satisfied for any n) and saturate the corresponding Bogomol'nyi bounds, can be obtained if and only if the isometry group of the internal space is broken down to the U(1) E × U(1) M gauge group; they correspond to dyonic BH's with electric Q and magnetic P charges associated with different U(1) factors. The internal metric of such configurations is diagonal with (n − 2) internal radii constant, while the remaining two radii (associated with the respective electric and magnetic U (1) 
Introduction
An important feature of a soliton, which is defined as a time-independent solution of classical equations of motion with a finite energy in a non-linear field theory, is that it saturates the Bogomol'nyi bound for its energy. This bound is determined by the topological charge for a type of configurations. The soliton configuration with a given topological charge is stable against decay into another configuration with a different topological charge. In flat space-time the Bogomol'nyi bound [1] for the energy of the configuration can be obtained by completing the square of the energy density T tt of the configuration. The soliton satisfies the first-order differential equations, the so-called Bogomol'nyi or self-dual equations.
The energy ‡ of a configuration in an asymptotically flat or (anti-) De Sitter § space-time is given by the ADM mass, [2] which is defined in terms of a surface integral of the conserved current J µ = T µν K ν over a space-like hypersurface at spatial infinity. Here T µν is the energy-momentum tensor density and K ν is a time-like Killing vector of the asymptotic space-time. Efforts [3, 4] have been made to prove the positivity of the ADM mass of gravitating systems, i.e., the so-called positive-energy theorems, thereby proving that the background space-time is the lowest-energy stable state. Such proofs involve [4] the evaluation of the surface integral of the corresponding Nester's two-form and the volume integral of its covariant divergence. Both integrals are related through the Stokes theorem. The
Nester's two-form is defined in terms of a bi-linear in a spinor, which is assumed to satisfy Witten's condition, and a gravitational covariant derivative acting on the same spinor. The surface integral yields the ADM mass for the corresponding system and the volume integral assures that the ADM mass is a positive quantity if the matter stress-energy tensor, if any, satisfies the dominant energy condition. ‡ In the Einstein theory of gravity there is no intrinsic definition of a local energy density due to the equivalence principle. Therefore, one has to define the energy of a system as a global quantity which is defined with respect to background (or asymptotic) space-time. § However, the formalism developed in Ref. 2 is completely general and can be applied to any type of background space-time.
In curved space-time, the Bogomol'nyi bound for the energy of a soliton can be obtained by embedding the soliton solution into supergravity. Then, the topological charges of soliton configurations (e.g., monopole charges for electromagnetically charged black holes) are identified as central charges of extended supersymmetry algebra. For a given set of Killing spinors, defined as spinor fields which are constant with respect to the supercovariant derivative, one can define a set of conserved anti-commuting supercharges. Supersymmetric variation of the supercharge (or anti-commutation of two supercharges) gives rise to the surface integral whose integrand is a generalized Nester's form (with the spinor now being the parameter of supersymmetry transformation and the gravitational covariant derivative replaced by the supercovariant derivative). The surface integral gives rise to the ADM 4-momentum [2] plus topological charges of the configurations in the form which corresponds to the anti-commutation relation of supercharges in extended a BH is bounded from below by its charge. * Another interesting class of BH solutions, which has been subject of intense studies, arises in gravity theories with non-trivial couplings of a scalar field ("the dilaton") to gauge fields. The scalar-Maxwell couplings are common features of unified theories, e.g., Kaluza-Klein theories and superstring theories. The presence of such scalar-Maxwell couplings changes drastically the space-time and thermodynamic properties of the corresponding BH solutions. Electro-magnetically charged solutions with arbitrary dilaton (ϕ) couplings α to the gauge kinetic term, i.e., e αϕ F µν F µν , have been obtained [8] and their properties are shown to depend crucially on the value of the coupling α. For 0 < α < 1, the extreme charged BH's have zero Hawking temperature and their singularities coincide with the event horizon, i.e., an outside observer cannot observe the singularity. For α = 1, it has finite, non-zero temperature and the singularity is still covered with the horizon.
However, for α > 1, the temperature becomes infinite and the singularity becomes naked, i.e., the outside observer can see it. * * Supersymmetric embedding of charged dilatonic BH's arising in theories with an arbitrary dilaton-Maxwell coupling α is incomplete; * * * only for special values of couplings (α = 1 [10] , √ 3 [11] ) [12] the supersymmetric embeddings are known. In fact, N = 2 supergravity transformations of gravitino and dilatino fields that would * Supersymmetric embedding of another type of topological defects, i.e., the domain wall solutions, in N = 1 supergravity theory was done in Ref. 7 . The global space-time structure [7] of domain walls bears remarkable similarities with global space-time of the corresponding supersymmetric charged BH's. * * Recently, it has been observed [9] that supersymmetric (extreme) domain wall solutions in N = 1 supergravity with a linear supermultiplet (whose coupling is parameterized by the parameter α) exhibit complementary features; solutions with α = 1 separate the solutions with the (planar) naked singularity and infinite temperature (α < 1), and those with the horizon and zero temperature (α > 1). Note, in this paper α is related to the parameter α of Ref.9 by taking α → 1/ √ α. * * * A supersymmetric embedding of domain wall solutions with an arbitrary dilaton coupling α to the matter potential was completed in Ref. 9 . There, it was also shown that the Lagrangian density for dilaton-Maxwell-Einstein system with an arbitrary dilaton-Maxwell coupling α can be obtained from N = 1 supergravity theory with a linear supermultiplet, whose coupling is parameterized by α.
give the correct Bogomol'nyi bounds for dilatonic BH solutions with an arbitrary α were postulated in Ref. 13 .
On the other hand, compactification of (4 + n)-dimensional ((4 + n)-d) gravity down to 4-d, i.e., Kaluza-Klein (KK) theory, could provide a natural way to obtain a 4-d gravity theory with a dilaton-Maxwell coupling α which could in principle depend on the number n of extra dimensions. * * * * In order to find the minimum energy configurations in such a class of theories one has to consider embeddings of (4 + n)-d KK theories into the corresponding supergravity theories (with 5 ≤ D ≡ (4 + n) ≤ 11), "KK" supergravity theories, which is the topic of our paper. The fact that through such supersymmetric embeddings one might be able to prove the Bogomol'nyi bounds for configurations with a dilaton-Maxwell coupling α different from 1 and √ 3 was one of the motivations for the investigation presented in this paper. However, as it turns out, for supersymmetric embeddings of KK theories the additional scalar fields (the components of the unimodular part of the internal metric) conspire with the dilaton field (the determinant of the internal metric) in such a way that the supersymmetric charged BH solutions of (4 + n)-d (n ≥ 2) KK theories are effectively those of 6-d KK theory.
KK compactifications [14] of gravity theory in (4 + n)-d provide a way of unifying gauge fields and gravity by compactifying the extra dimensions in a higher dimensional pure gravity. In the simplest case, one starts from 5-d gravity and decomposes the metric tensor as
One assumes that the fifth dimension is curled up into a very small circle of radius R (x 5 = x 5 + 2πR, i.e., M 5 → M 4 × S 1 ) and, therefore, it is not experimentally * * * * In KK theory the dilaton-Maxwell coupling is given by e αϕ F µν F µν (α = n+2 n ), provided scalar fields associated with the unimodular part of the internal metric are set to be constant. See, for example, the introduction in the second paper of Ref. 8. measurable. If one further assumes that the metric components are independent of the fifth coordinate, then fields in Eq.(1.1) transform under the general coordinate transformation, δx A = Λ A (x µ ), as
One notices that the transformation for g 5µ is precisely the U(1) gauge variation of the Maxwell field A µ and, thereby, one can identify g µ5 = g 5µ = κA µ . Here κ 2 = 8π/M 2 pl is the 4-dimensional gravitational constant. In fact, in this approximation (keeping only zero modes) the original Lagrangian density reduces to the following 4-d one:
where g
µν ≡ g µν + κ 2 A µ A ν , g = det g µν , R is the Einstein curvature defined in terms of the 4-d metric tensor g µν and F µν = ∂ µ A ν − ∂ ν A µ is the U(1) gauge field strength. The 5-dimensional gravitational constant κ 5 is related to the 4-dimensional one κ by κ 2 5 = κ 2 (2πR).
This idea was further generalized [15] to unify a set of non-Abelian gauge fields with gravity. Instead of using the zero mode expansion of the metric tensor, one imposes a proper internal isometry [15] of the metric tensor for space-time with dimensionality higher than five.
The effective theory in 4-d which is of the type (1.3) can be generalized for the dilaton, scalar fields, gauge fields, as well as for the 4-d space-time metric.
In particular, spherically symmetric charged configurations correspond to charged BH solutions with the dilaton and other scalar fields varying with the spatial radial coordinate. We shall refer to such configurations as charged KK BH's. We would like to address a special class of charged KK BH solutions, namely supersymmetric ones. * * * * * *
As we have discussed above, such configurations turn out to satisfy the socalled Killing spinor equations, and they saturate the corresponding Bogomol'nyi bounds; within a class of configurations they correspond to the minimum energy configurations and are thus of special interest. The existence of solutions which satisfy the Killing spinor equations implies that the original bosonic theory (in our case (4 + n)-d pure gravity) can be embedded into the corresponding supersymmetry theory and the minimum energy configurations turn out to be those which preserve some of these supersymmetries. Thus, they are named supersymmetric configurations.
In this paper, we address a class of supersymmetric 4-d charged KK BH solu- 
"Minimal" Supergravity Theories in (4 + n) -Dimensions
We shall first summarize properties of the "minimal" supersymmetric extensions of pure gravity theories in D = 4 + n (1 ≤ n ≤ 7) space-time dimensions
In particular, we are interested in supersymmetric transformations acting on the gravitino(s), since those are the ones which will yield the corresponding Killing spinor equations for the supersymmetric configurations. D = 11 is believed to be the highest possible dimension [22] for supergravity (SG)
theories. The idea being that D ≥ 12 SG theories compactified down to D = 4 yield N ≥ 9 extended supergravity theories which contain helicity states ≥ 5 2 . It has been shown [23] that a spin 5 2 field cannot be coupled consistently either to gravity or to simple matter systems. Also, for D ≥ 12 bosonic and fermionic degrees of freedom cannot be matched with the Lorenzian metric signature.
[24] Therefore, we will restrict our attention to D ≤ 11 theories. However, as we shall see in Chapter 4, the solutions satisfying Killing spinor equations, i.e., the solutions of equations Supersymmetric extensions of pure gravity theories in (4 + n)-d do not only involve an addition of the corresponding fermionic degrees of freedom, i.e., at least one gravitino as a gauge field of local supersymmetry that restores the supersymmetry invariance, but also new bosonic degrees of freedom, i.e., gauge fields and antisymmetric tensors, which compensate for the mismatch in Bose-Fermi degrees of freedom. Except for the pure gravity part, we will turn off all the bosonic and the fermionic fields, i.e., except for the gravity part we set classical values associated with all the other bosonic fields to zero. Thus, the bosonic part of the Lagrangian density is of the form:
where R (4+n) is the Ricci scalar defined in terms of a (4 + n)-dimensional metric
M N and κ is the (n + 4)-dimensional gravitational coupling constant.
In the case when all the other bosonic degrees of freedom except those of pure (4 + n)-d gravity are turned off, the gravitino(s) transforms under supersymmetry
2)
] is the index for (4 + n)-dimensional spinors and i = 1, ..., N labels spinors (supersymmetry parameters or gravitinos) of N-extended supergrav-
, where Γ A 's are gamma matrices satisfying the SO(3 + n, 1)-Clifford algebra. The spin-connection is defined in terms of a Viel-
refers to antisymmetrization of the corresponding indices.
The nature of the corresponding spinor(s) ε A,i in (2.2) differs in each dimension of SG theories. It depends on the Clifford algebra satisfied by gamma matrices for each dimension [32] . N = 1 extensions of (4 + n)-dimensional Poincaré gravity exist Weyl spinors (ε i W ):
where
and Ω is a (2 × 2) symplectic invariant matrix, i.e., Ω = iσ 2 . Here, σ 2 is the second Pauli matrix.
For D = 6, we have two (i = 1, 2) symplectic (USp (2) 
where Ω = iσ 2 is an antisymmetric real metric of USp (2) and an invertible matrix B, acting on the index A of each spinor, is defined as Γ µ = −B −1 Γ µ * B with
spinors are defined as
where ε i j is an SU(2) invariant antisymmetric tensor and B is defined analogously as above.
For D = 8, 9, there is one 16-component (A = 1, ..., 16) pseudo-Majorana spinor satisfying
where C is the charge conjugation matrix satisfying
For D = 10, there is one 32-component Majorana-Weyl spinor satisfying
with
For D = 11, there is one 32-component Majorana spinor satisfying
Supersymmetric Kaluza-Klein Compactification
The effective Compactified theories in 4-d with the most general KK Ansätze are obtained [16] by imposing the invariance of a (4 + n)-d metric under an isometry of the internal space. The KK Ansätze for the Vielbein E (4+n)A Λ and the corresponding metric
are of the following form:
ϕ e a λ e
where ρλπ ≡ Φã λ Φã π satisfies detρλπ = 1, i.e., ρλπ is the unimodular part of the internal metric gλπ, and α = n+2 n .
The effective 4-d Lagrangian density can then be written in terms of the above
Ansätze, whose components depend on the internal space coordinates as well. One imposes "the right invariance" of the (4 + n)-d metric g ΛΠ under the action of an isometry of the internal space:
where ξα's are n linearly independent Killing vectors of the internal space and L ξα is the Lie derivative in the direction of a vector ξα. The above constraints determine the following dependence of the metric components on the internal coordinates: 
where R K is the Ricci scalar ⋆ defined in terms of the unimodular part ραβ of
Aβ µ Aγ ν , where fα βγ is the structure constant for the internal isometry group and g is the gauge coupling constant of the isometry group, is the field strength of the gauge field Aα µ , D µ ραβ = ∂ µ ραβ − fδ γβ Aγ µ ραδ is the corresponding gauge covariant derivative and λ is the Lagrangian multiplier. Note that α = n+2 n specifies the coupling constant of the dilaton ϕ to the gauge fields in the gauge field kinetic energy terms,i.e., e αϕ ραβFα µν Fβ µν . ⋆ This term describes the self-interactions among scalar fields and vanishes for an Abelian isometry group, i.e., if the internal space is an n-torus.
With the metric Ansatz (3.1), we would like to find a specific class of 4-d configurations which satisfy the Killing spinor equations, i.e., those for which the gravitino transformation(s) (2.2) vanishes. Given the metric Ansatz (3.1), whose components depend on the 4-d space-time coordinates as well as the internal coordinates, one can re-express the bosonic quantities in the gravitino transformation(s) (2.2) in terms of 4-d quantities.
The next task, however, is to decompose the 2 [ For (4 + n)-d gamma matrices Γ A , which satisfy the SO(3 + n, 1) Clifford algebra {Γ A , Γ B } = 2η AB , one can always find a representation [16, 33] in which
] ) identity matrix and ] (denoting the m th four-component spinor).
With the above conventions and the assumption that the four-component spinors depend on the 4-d space-time coordinates, † the gravitino transformation(s) † The right invariance requires spinors to be independent of the internal coordinate. [16] (2.2) reduces to the following forms: 
denoting antisymmetrization of the corresponding indices.
We would like to point out that the above formal de-composition of the bosonic and the fermionic degrees of freedom and the corresponding supersymmetry transformations (3.6) and (3.7) can be done for any space-time dimensions D = 4 + n.
Features of Abelian Supersymmetric Solutions
We will confine the analysis of supersymmetric solutions to the case of Abelian compactifications, only. In this case we would like to show that 4-d supersymmetric configurations, which are charged, static and spherically symmetric, exist if and only if the vacuum configurations break an Abelian isometry group G of the internal space down to U(1) E × U(1) M , i.e., such configurations correspond to 4-d dyonic black holes (BH's) whose electric and magnetic charges are necessarily associated with different U(1) gauge factors. This constraint arises from the fact that the Killing spinor equations arising from (3.6) and (3.7) impose consistent constraints on the phases of spinors only when the internal isometry group is broken down to the U(1) E × U(1) M group. Namely, we shall see that if there are more than one massless gauge fields of the same type (electric or magnetic) or any one of gauge fields has both electric and magnetic charges, then one is not able to satisfy the Killing spinor equations and thus such solutions are not supersymmetric. We suspect that supersymmetric vacuum solutions may break perhaps any isometry group G down to U(1) E × U(1) M , however, we show this explicitly in the case for an Abelian isometry group, only. We shall also show that the constraints on four component spinors ε m are consistent with reality and chirality conditions on the original Dirac spinors of the underlying (4 + n)-d supergravities as discussed at the end of Chapter 2. And we shall drive the Bogomol'nyi bound for U(1) × U(1)-charged black hole configurations.
If the isometry group G of the internal space is Abelian, i.e., U(1) n , then the vacuum configurations correspond to flat internal space. The structure constant vanishes, i.e., f γ αβ = 0, and the metric components g ΛΠ are independent of the internal coordinates (see Eq. (3.3) ). With a proper choice of gauge, the internal metric ραβ (see Eq.(3.1)) can be diagonalized:
So, indicesã andα of the fields in equations (3.6) and (3.7) take the same values, and therefore for simplicity of notation we shall just replace the curved indexα in the gauge fields by the flat indexã. The 4-d space-time metric is chosen to be of the following spherically symmetric form:
and the internal metric modes ϕ and ρ 1,...,(n−1) are functions of the radial coordinate r, only.
Given the spherical Ansatz for the metric, the orthonormal tangent frame is defined with Vierbein components of the following form: With the above Ansätze the Killing spinor equations, which are obtained by setting (3.7) equal to zero, can be cast in the following form: 
for eachã (ã = 4, ..., (n + 3)) for which there are non-zeroQã and (or) Pã. The phase θã is defined as
Note that any two constraints of the type (4.6) are compatible as long as the corresponding phase difference satisfies:
Namely, γãε ℓ = ηãe iθã ε u and γbε ℓ = ηbe iθb ε u imply γãγbε ℓ = ηãηbe i(θã−θb) ε ℓ . Since 
i Pã(γ 25 ⊗ γã)ε = 0 (4.10)
Eq.(4.9) along with the spinor constraint (4.6) gives rise to the following first order differential equation:
The above constraint can be satisfied with one, say, theã th = (n + 3) th , gauge field Aã µ having non-zero electric charge ⋆ (Qã = 0), but its magnetic charge being necessarily zero (Pã = 0). Namely, if the field Aã µ has Pã = 0 as well, the phase term e iθã would be complex (see Eq.(4.7)), and then Eq. (after making use of Eq.(5.3), which we will derive later) along with (4.6) yields the following differential equation:
Say, if theã th = (n + 2) th gauge field Aã µ has non-zero magnetic charge Pã = 0, then Aã µ should have no electric charge (Qã = 0). Namely, in order to satisfy Eq.(4.14) the phase e iθã(r) (determined by Eq.(4.7)) has to be purely imaginary, and thus it should contain no electric charge. In addition, the phase difference associated with each U(1) gauge factor has to be ± π 2 (see Eq.(4.8)). Thus, if one gauge field is purely electric, the other one necessarily has to be purely magnetic.
Furthermore, it can be shown that an alternative case where all the magnetic and electric charges are non-zero and are chosen so that (4.13) and (4.14) are satisfied is not consistent with (4.8).
Therefore, supersymmetric spherical solutions choose the vacuum where the isometry group of the internal space is broken down to U(1) E × U(1) M . These configurations are dyonic with electric and magnetic charges associated with different U(1) factors. Recall, the corresponding constraints between the upper and the lower components of 4-d spinors are then of the form: say,ã th = (n + 2) th gauge field purely magnetic (Q n+2 = 0) : γ n+2 ε ℓ = iη m ε u say,ã th = (n + 3) th gauge field purely electric (P n+3 = 0) :
Here, η e,m = ±1.
In the following Section, we shall explicitly check that the constraints (4. 
Each component of spinors in equations (2.3) and (4.15) is related by
With the explicit representation γ4 = i, one can see that the spinor constraints Then, it remains to show that the second spinor ε i=2 = B −1 (ε i=1 ) * is a Killing spinor as well. Since ε i=1 is a Killing spinor it satisfies:
Now we perform complex conjugation of Eq.(4.17). After making use of the definition of B, Γ µ * B = −BΓ µ (to turn Γ µ * into Γ µ and pull out the matrix B to the left) and the fact that the matrix B is invertible, we obtain the Killing spinor equation In D = 10, spinors are Majorana-Weyl and thus there is additionally chirality condition: 
the Clifford algebra {Γ A , Γ B } = 2η AB and the following hermicity property of gamma matrices: 
Bogomol'nyi Bound
Finally, we would like to derive the Bogomol'nyi bound on the energy of the type of BH configurations, i.e., electrically and magnetically charged static, spherically symmetric configurations, discussed in the beginning of Chapter 4. For that purpose we introduce the Nester-like two-form [4] :
Here, one has to note that δψ µ4 ≡∇ ρ ε is the supersymmetry transformation for the 4-d "physical gravitino(s)". Namely, if the kinetic energy term for the gravitino ] ) and ψ m µ (μ = 4, ..., (n + 3)), as discussed at the end of Chapter 3, then the kinetic energy term (4.25) is not diagonal in ψ m µ and ψ m µ . Therefore, one has to perform Weyl-rescaling and field redefinition [34] in (4.25) in order to obtain the canonical kinetic energy terms for the physical gravitinos and fermions in 4-d.
It turns out that the 4-d physical gravitino(s) ψ m µ4 corresponds to the following combination(s) of ψ m µ and ψ m µ :
Using (3.6) and (3.7), the supersymmetry transformation(s) on the physical gravitino(s) (Eq.(4.26)) can then be written in the following way: 27) whereFã µν ≡ 
In terms of the physical gravitinos (4.26) and the redefined scalar fields (4.28), the kinetic energy term (4.25) assumes the following canonical form: 
where Σ is a space-like hypersurface with the boundary ∂Σ at spatial infinity. With the given supersymmetry transformation(s) (4.27) of the physical 4-d gravitino(s), the Nester two-form (4.24) reduces to the following expression:
As will be shown in the next chapter, space-time of the configuration is asymptotically flat and the spinor ε approaches a constant, ε ∞ , as r → ∞. So, the surface integral in (4.31) is evaluated to be
where P ADM µ is the ADM 4-momentum [2] and the physical charges of the system are defined as Qã ≡ The volume integral in Eq.(4.31) is more involved and a lengthy calculation 34) where
∂gµν is the stress-energy tensor for matter (gauge fields, the dilaton and scalar fields) terms. The first term in the integrand on the right hand side (RHS) of Eq.(4.34) is non-negative for spinors ε satisfying the (modified) Witten's condition, i.e., n ·∇ε = 0 (n is the 4-vector normal to Σ), which is shown [35] with the matrix in the second term (this can be easily seen by going into the reference frame of the configuration, i.e., the frame where the ADM energy-momentum
has only time-component), the ADM mass of the configuration, i.e., the eigenvalue of the matrix in the first term, has to be greater than the largest eigenvalue of the matrix in the second term. ⋆ We have seen that the supersymmetric configurations prefer the vacua with two U(1) gauge factors. It is therefore of interest for us to consider only two non-zero gauge fields, which are without loss of generality taken to be associated with the last two internal coordinates. Then, applying the prescription stated in the footnote, we obtain the following Bogomol'nyi bound for non-supersymmetric U(1) × U(1) configurations:
This bound reduces to the one of Gibbons and Perry's 5-d KK BH solutions in the limit that either of gauge fields vanishes, say, P n+2 = Q n+2 = 0.
However, for supersymmetric configurations Eq.(4.33) has meaning only when the isometry group of the internal space is U(1) E × U(1) M . Otherwise, the constraints on the spinor ε ∞ cannot be satisfied, as discussed in the beginning of this Chapter. Say, for the gauge field associated with the (n + 2) th -dimension being magnetic and the gauge field associated with the (n+3) th -dimension being electric, the spinor constraints γ n+2 ε ℓ∞ = iη m ε u∞ and γ n+3 ε ℓ∞ = η e ε u∞ (η e,m = ±1) select out magnetic charge P n+2 from the second to the last term and electric charge Q n+3 from the last term in the second term of Eq.(4.33). Therefore, the ADM mass of the supersymmetric configuration becomes:
⋆ One of ways of determining the largest eigenvalue of the matrix in the second term is to consider all the possible sets of commuting matrices in the second term and to express the matrix in the second term in a form of sum of mutually anticommuting matrices whose eigenvalues are known. Then, the largest eigenvalue can be found by applying the following theorem: if matrices A i have eigenvalues a i and A i 's are mutually anticommuting, then the matrix
This method can be applied to the case of even number of internal dimensions, only. This is the right expression for the ADM mass that saturates the bound (4.35) in the case of the U(1) E × U(1) M group.
Supersymmetric 4-d Kaluza-Klein Solutions
We shall now obtain the explicit form of the supersymmetric 4-d charged Kaluza-Klein (KK) black hole (BH) solutions satisfying the Killing spinor equations as specified by vanishing of the supersymmetry transformations (3.6) and (3.7).
We have shown in Chapter 4 that the maximal symmetry of the internal space allowed by supersymmetric static spherical configurations is U(1) E ×U(1) M . Without loss of generality, we choose the electromagnetic vector potential associated with the second to the last coordinate to be magnetic and that corresponding to the last coordinate to be electric:
where E(r) = −∂ r ψ(r) =Q Re αϕ ρn .
The aim is now to obtain the explicit solutions for the 4-d metric components (Eq.(4.2)), the internal radii (Eq.(4.1)) and the dilaton ϕ(r) from the Killing spinor equations (4.5) and (4.9) − (4.12). However, before obtaining the first order coupled differential equations for these fields, we have to determine the angular coordinate dependence of the spinors ε m . For this purpose, we multiply (4.10) by γ 1 sin θ and (4.11) by γ 2 . Then we subtract the two and then multiply by γ 2 to get the equation
This fixes the angular coordinate dependence [36] of the spinor to be and the dilaton ϕ(r) as well as the spinors a m u (r):
k and η e,m = ±1.
We shall now solve these equations to obtain the supersymmetric solutions for charged static spherical configurations. The 4-d metric components λ and R are related by the following equation: 10) which can be solved to yield
where r H is the event horizon, i.e. λ(r H ) = 0. Eq.(5.7) is integrated to yield the expressions for ρ i (i = 1, ..., n − 2) in terms of ϕ: 12) and equations (5.5) and (5.8) with (5.11) are solved to give the following relation of ρ n−1 to λ and ϕ: 
where we have defined the following "screened" electric and magnetic charges:
Here, Q and P are the respective physical electric and magnetic charges (see comments after Eq.(4.4), where the relationship betweenQ and the physical electric charge Q is discussed). Note that the ADM mass of the extreme configuration (Eq.(4.36)) also depends only on the screened charges Q and P. In addition, notice the symmetry of the above two equations under the electro-magnetic duality transformations, i.e., P ↔ Q and ϕ → −ϕ. Subtracting the above two equations, we obtain the following equation and it reduces to the following special relations: 19) which correspond to the purely electrically charged (P = 0) and the purely magnetically charged (Q = 0) BH's, respectively. We substitute (5.18) into (5.17), making use of (5.11), in order to get the following ordinary differential equation for the dilaton field ϕ: 22) and by using (5.11) the following solution for R is obtained:
The following solution for the electric field:
is obtained by substituting the explicit solutions for R, ϕ and ρ n into the formula derived from the Euler-Lagrangian equation for the electric field. The electric field has different radial dependence from that of the axionic dyon solutions: its radial dependence is shifted by |P|. [11]
The above properties of solutions (5.22) and (5.23) can be understood by calculating the effective on-shell action (this we mean by considering the equations for the scalar fields only) for supersymmetric configurations, i.e., by considering the Lagrangian of the bosonic fields associated with this class of configurations.
From equations (5.12) and (5.13), we can see that the following combinations of the scalar fields and λ are constants:
where we have to keep in mind that ρ n ≡ n−1 k=1 ρ −1 k . The above relations provide us with a hint that it is convenient to introduce new scalar fields χ i and Φ, which represent the same physical degrees of freedom as the old set ϕ and ρ i . The new fields are defined in the following way:
Note n i=1 χ i = 0. Then, the Lagrangian density (3.4) expressed in terms of the above new fields becomes 
L ′ is indeed independent of dimensionality n of the internal space and is effectively that of 6-d Kaluza-Klein theory. In terms of the new scalar fields, the explicit solutions and the relations among the new scalar fields and the metric component (Φ∞+χ (n−1)∞ ) P , respectively.
When one of the charges is zero, say, P = 0, one field combination, i.e., the dilaton, continuous duality transformation, [37, 38] which can be used to generate dyonic solutions from single-charged solutions, must involve the axion field. Thus, the existence of supersymmetric (dilatonic) monopole solutions does not necessarily ensure the existence of supersymmetric dyonic solutions, unless there is the axion field. † For our solutions, which correspond to the case without the axion field, each of gauge fields Aã µ is forced to have either electric or magnetic charge, but not both.
Singularity structure and thermal properties
We would now like to study 4 rH drλ −1 (r) = ∞ . Thus, the singularity coincides with the horizon, i.e., it is a null singularity. In the limit that either Q or P is zero, the singularity becomes naked. [8] In Figs. 1a and 1b, the Penrose diagrams (in the (r, t) plane) are given respectively for the case with both charges non-zero and the case with one charge set to zero.
We would now like to discuss the thermal properties of these solutions. Hawking's original calculation [40] of the temperature of a static BH involved the Bogoliubov transformation between two bases modes of two asymptotically flat "in"
and "out" regions. Later, it was realized [41] that the temperature T H associated with the horizon can be identified with the inverse of the imaginary time period of a functional path integral. [42] Figure 1 The Penrose diagram (in the (r, t) plane) for a supersymmetric configuration with both charges (Q and P ) non-zero, and the one for a supersymmetric configuration with one charge (Q or P ) zero are given in Fig.1a and Fig.1b where the screened charges (Q,P) are defined in terms of the physical charges (Q, P ) in Eq.(5.16). The temperature T H is finite. In the limit of single-charged solutions (Q = 0 or P = 0) T H , however, diverges. [8] Entropy S of the system can be calculated following the Bekenstein's prescription [43] that S = 1 4 ×(the surface area of the event horizon). The explicit solution (5.23) shows that S goes to zero despite finite T H for the extreme BH. The fact that entropy, interpreted as a measure of the number of available states, [44] goes to zero at finite temperature seems to indicate that there is a finite mass gap of order T H between the extreme BH ground state and its lowest excited states. [45] An analysis regarding the issues of the breakdown of the standard semi-classical treatment of the BH thermodynamics [45] has to be postponed until the non-extreme solutions are obtained. However, in our case there is no ambiguity (as extensively studied in Ref.10) in taking different limits, when calculating T H and S for our configurations. Namely, taking one of the charges equal to zero followed by taking the extreme limit, and taking the extreme limit with P = 0 = Q followed by taking either of the charges equal to zero give the same answers for T H and S.
Conclusions
We have derived a class of 4-d supersymmetric charged dilatonic black hole We assumed that the internal isometry group G is Abelian. In this case, different supersymmetric static spherical solutions spontaneously break G down to different U(1) E × U(1) M factors as the vacuum configurations. We suspect that the same thing will happen for axially symmetric stationary configurations, but it remains to be proven. Our work also provides a starting point for a systematic study of the corresponding non-extreme solutions, e.g., their singularity structure and thermal properties.
Supersymmetric non-Abelian BH solutions, i.e., G being non-Abelian, may provide another interesting generalization of our work. On the other hand, inclusion of other fields, e.g., gauge fields and anti-symmetric tensor fields, of higherdimensional supergravity theories provides another possible generalization of the present work. In this case, one has to decompose (4 + n)-d gauge fields and antisymmetric tensors, which in 4-d may yield new type of terms with the dilatonMaxwell couplings. Such terms might in turn lead to dilatonic BH solutions with the coupling α which could depend on dimensionality n of the internal space.
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